In this paper we will consider the functional inequalities (1) u(t) ^ f(t) + g(t)G~l( § G(u(s))h(s)ds\ a^x^t^b, (2) 
u(t) ^ u(x) -g(t)G~l(f G(u(s))h(s)ds\
where the functions u, f, g and h are nonnegative and continuous on the interval [a, b] . The function G(u) is continuous and strictly increasing for ra^O, G(0)=0, lim,,..,, G(u)= oo and G_1 denotes the inverse function of G. If G(u) =u, we have the well-known Gronwall inequality and a case similar to the Langenhop inequality [3] . If G(u)=up, p^l, then Willett [4] has studied (1) in connection with a singular perturbation problem. Our purpose here is to obtain new estimates for u(t) if G is a convex or concave function. Before giving the main results, we will state two important preliminary lemmas. Lemma 1. Let u(t),f(t), g(t) and h(t) be nonnegative, continuous functions on the interval [a, b]; and
A proof of this form of Gronwall's inequality can be found in [l ], [2] or [5 ] . An estimate for u is obtained by substituting (4) back into (3).
Lemma 2. Let u(t), v(t), h(t) and k(t) be nonnegative, continuous functions on the interval [a, b]; and
Proof of Lemma 2. Let
since ^(x) ^v(x). The derivative ^'(x) at the end points is taken to be the limit from the interior of [a, t]. Then, using the integrating factor
we have (p.\j/)'(x) ^0 and so (u^)(t) ^ (pup)(x) on [a, t]. Nowi^(x) }zv(x) and dj(t) =u(t) (from (7)) and so we have the result given in (6). This result is best possible in the sense that if equality holds in (5) Remark. This lemma is similar to a special case of the Langenhop inequality [3] , and an estimate for u which is independent of x is obtained by setting x=a.
A continuous function k(t) defined on some interval / is said to be convex if k(ax+fiy) ^ak(x)+fik(y), x, yEI, ct, fi^O, a 4-/3 = 1; k(t) is said to be concave if -k(t) is convex. The previous inequality is a special case of Jensen's inequality for convex functions. G(u) is said to be submultiplicative if G(uv)^G(u)G(v), u, v^O. The main results of the paper are given in Theorem 1 and Theorem 2. The appropriate hypotheses for the Lebesgue version of the results given here are not difficult to supply, and we leave them for the reader to fill in where needed.
Theorem
1. Let u(t),f(t), g(t) and h(t) be nonnegative, continuous functions on the interval [a, b]; G(u) be a continuous, strictly increasing, convex and submultiplicative function for ugiO; G(0)=0, lima-.*, G(u) = oo ; a(t), fi(t) be continuous functions on [a, b]; a(t), 0(0 >0, a(t)+fi(t) = 1; and 
In order to compare our estimate with that given by Willett [4] , we take g(t) = l, f(t)= C, a=B = % and obtain, from The estimate given in (11) is definitely sharper for large /, while for small values of t the estimate given in (12) is sharper. Thus the two estimates are, in general, not comparable. The left member of (8) is independent of a(t). It is unknown whether or not there is an optimum function a(t) which minimizes the right member of (8) for any reasonable class of functional parameters /, g, h and G. We also note that if 0<g(t)<l, then the submultiplicative hypothesis on G can be omitted in Theorem 1.
Proof of Theorem 1. Let a(t), B(t)>0, a(t)+B(t) = l. Then (1) u(t) =g a(t)(J(t)ct(t)-1) +fi(t)(g(t)fi(t)-')G-i( j G(u(s))h(s)ds\
Since G is convex, submultiplicative and monotonic,
The estimate given in (8) follows from Lemma 1.
From (2),
and the result given in (9) follows from Lemma 2.
Q.E.D. If G is concave, the previous techniques are clearly not applicable. The following theorem gives partial results in this case. Theorem 2. Let u(t), h(t) be nonnegative, continuous functions on the interval [a, b}; G(u) be a continuous, concave function for w^O, and continuously differentiable for u>0; G'(u)>0 for u>0, G(0)=0, lim,,-.*, G(u) = co ; C^Oa constant; and
Furthermore, if Proof of Theorem 2. It is sufficient to assume that C is positive, since a standard limiting argument can be used to treat the remaining case. Consider (13) and define \p(t) as
We note that \p(t) majorizes the right member of (13), and hence yp(t) ~^u(t). Since G(u) is concave, the derivative G'(u) is nonincreasing for u>0. Since \f/(t) -C>0 (here is where we use the constant a), 
